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ABSTRACT: A unified Flory-type theory of dendron brushes, dendrimers, dendronized polymers, and
forests yields scaling rules, state diagrams and information on the collapse transition. The theory also
describes the corresponding brushes of linear chains: stars, bottle brushes, and planar brushes. It thus permits
a detailed discussion of various tuning parameters and their effects for the different brush types. The
discussion addresses the effects of solvent quality, grafting density, the persistence length, and branching
functionality. The theory is formulated for the case of “identicalmonomers” assuming that spacermonomers,
junctions, and ends are identical in shape and interactions.

I. Introduction

Regularly branched dendron chains can be attached to a point,
a line, or a surface thus giving rise to dendrimers, dendronized
polymers (DP), and dendronized surfaces known as forests.1-6

These are the counterparts of star polymers, bottle-brushes and
planar brushes as obtained from terminally anchored linear
chains. In dendron brushes, as in brushes of linear polymers,
the chains stretch out to reduce the monomer density and the
associated free energy penalty. However, the two types of brushes
differ in a number of respects: Simple brushes consist of single
type of monomer, end effects are negligible and the polymeriza-
tion degree has no upper limit. In contrast, dendron brushes
comprise junction and spacer monomers, end effects are impor-
tant and the polymerization degree is bound. For simple
brushes the polymerization degree N describes the linear chains.
The properties of dendron brushes reflect the number of junc-
tions n and their functionality,X, the length of the spacers, s, and
the generation of the dendron, g, i.e., the smallest number of
junctions joining the root and terminal monomer (see Figure 1).
Themultiplicity of tuning parametersmotivates the development
of a phenomenological theory relating the structure to observable
properties such as dimensions. The simplest approach is based on
a Flory type free energy, a method that yielded a successful
description of dendrimers7-10 and enabled extension to dendro-
nized polymers.11

In the following, we reformulate the Flory type theory of
dendrimers andDP7,11 so as to obtain a unified description of the
three types of dendronized and linear brushes i.e., brushes grafted
to a point, a surface of dimensionality m = 0, to a line
m = 1, or to a planar surface, m = 2. This formulation brings
out the similarities and differences between the three architectures
for the two families of brushes. For each system, it addresses three
groups of issues: (i) geometric characteristics such the maximal
attainable generation, gmax and their dependence onm; (ii) scaling
laws characterizing the dependence of dendron size on dendron
parameters X, g, s, n, etc. (Table 1); (iii) the collapse behavior of

dendron brushes within the Flory approximation. Our primary
results concern the three groups of dendronized brushes-dendri-
mers, dendronized polymers and forests-but these reduce to their
“simple brush” counterparts for the proper choice of parameters.
Importantly the theory allows to compare between the scaling
laws for different solvent qualities and between the boundaries of
the scaling regimes as they occur for each of the systems.While it
recovers earlier results, on dendron brushes and brushes of linear
chains, it also yields new ones such as the scaling laws for forests
in general and for dendronized polymers at the Θ temperature.
Importantly, at the Θ temperature it is necessary to distinguish
betweenGaussian,Θg, and swollen,Θs, subregimes. In theΘg the

Figure 1. Different dendrons brushes considered in this manuscript
and their linear chains counterparts: tethered to m = 0 (point), m = 1
(line), and m = 2-dimensional surfaces. Dendrons have n junctions
distributed over g generations, an f-functional root monomer, their
mean lateral distance is denoted as δ. Linear chains (a) and f-functional
stars (b) are special cases of dendrons (c) with g= 1, n= 1 and n= f,
respectively. Linear chains, and spacer chains comprising s monomers
are considered semiflexible with persistence length lp = pb, where b is
the size of a monomer and p the number of monomers in a persistent
segment (b and p not explicitly shown).
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chains are Gaussian while in the Θs they are swollen because of
ternary monomer-monomer interactions. Apart from these
“habitual” outcomes our analysis of the scaling regimes high-
lights distinctive problems facing the study of scaling effects in
dendron brushes. These problems are traceable to three origins:
(i) Dendron scaling laws are applicable in a relatively narrow
parameter range. (ii) These scaling windows can be separated by
extended crossover regions displaying no simple scaling behavior.
(iii) The scaling laws of the simplest, “homopolymer” dendron
brushes depend on a number of scaling variables. This is in
contrast to linear homopolymers controlled by a single scaling
variable, the polymerization degreeN. It is thus challenging, as we
shall discuss, to distinguish different scaling laws without judi-
cious variation of parameters such asX. Following themajority of
earlier theories,7-9,11 our discussion focuses on the “single mono-
mer approximation” assuming that all monomer species have
identical dimensions and that their interactions are described by
identical virial coefficients. This description is strictly applicable
only to computer simulations where the underlying assumptions
can be imposed. However, it provides qualitatively useful insights
on dendron brushes in general and serves as a basis for the
formulation of more detailed theories distinguishing between the
different monomeric species. These results are of interest in view
of the intense experimental activity in this area12-34 and the
growing number of simulation10,27,35-53 and theory11,27,36,54-57

efforts concerning dendronized systems.
In section II we recall structural aspects of dendronized

brushes, including the number of free ends, ne, characteristic
length scales and the maximal attainable generation due to pack-
ing constraints, gmax. We discuss three important length scales,
Rmax,R0 and aRmin corresponding to a fully extended strand, to a
Gaussian strand and to a collapsed, grafted dendron. These
enable a unified formulation of scaling laws and the boundaries
of the scaling regimes as well as deciding the relevance of free
energy terms. A scaling theory of dendronized brushes is de-
scribed in section III. It is obtained from the free energy per
strand allowing for the strand elasticity as well as for binary and
ternarymonomer-monomer interactions. The boundaries of the
different scaling regimes for good, Θ and poor solvent are
discussed in section IV where we distinguish between Gaussian
Θg and swollenΘs regimes. SectionV is devoted to a discussion of
the collapse behavior using a modification of the approach of
Birshtein-Pryamitsyn58 and Fixman.59 The consequences with
regard to the design of simulations and experiments are outlined
in Section VI.

II. Dendron Structure: Free Ends, Length Scales, and gmax

Certain aspects of dendron behavior are dominated by struc-
tural and“geometric” features.These features include twogroups
of quantities. One is the number of different types of monomers,
junctions, n, free ends, ne and total number of monomers, ns. The
second group consists of three characteristic length scales Rmax,
R0, and Rmin corresponding respectively to a fully extended
strand, a Gaussian strand, and a collapsed, close packed grafted
dendron. The three R’s play multiple roles in our subsequent
discussion. The ratio Rmax/Rmin measures the possible range of
variation in the size of dendron brushes and the maximal
attainable generation gmax is specified by Rmax/Rmin= 1. The
ratio R0/Rmin provides information on the relevance of the
confinement free energy for collapse. Finally, the combina-
tion of the threeR’s enables a compact formulation of our scaling
laws and convenient method for comparative plots of scaling
regimes.

The “first” monomer of the dendron, the root, is assigned a
functionality f. When anchored to a line or surface the grafting
density is characterized by the distance between anchors, δ.
The grafting density is thus 1/δ or 1/δ2 . In the following, we
focus on dendron brushes, assuming that δ is small in compar-
ison to the span of a free dendron. For the case of poor solvent,
this implies that δ is small in comparison to the size of a
collapsed, dense, free dendron. In our discussion of dendro-
nized polymers we consider locally rigid backbone resulting in
cylindrical symmetry. A first generation dendron is obtained
by reacting the f functionalities with junction monomers
having functionality X. Note that f counts the number of sites
reacting with junctions. In dendronized polymers additional
two functionalities are utilized to create the backbone while in
forests an additional functionality anchors the dendron to the
surface. The creation of second generation dendrons involves
reacting the f(X - 1) free junction functionalities with
X-functional junctions and so on. In the general case both
the junction-junction and junction-root bonds incorporate a
spacer chain comprising s units. The number of junctions
grows by a factor X - 1 in each generation. Accordingly the
total number of junctions is the sum of a geometric series,
n = f þ f (X - 1) þ f(X - 1)2 þ ...,

n ¼ f ½ðX - 1Þg - 1�
ðX - 2Þ ð1Þ

Table 1. Scaling Laws ofReq/b for Dendrimers (m=0), Dendronized Polymers (DP) (m=1), and Dendron Forests (m=2) under Good,Θs and
Poor Solvent Conditionsa

m-dimens surface good solvent (τ > 0) Θs solvent (τ either sign) poor solvent (τ < 0) system

m = 0 s3/5(pτ)1/5 *) s1/2p1/2 s1/3|τ|-1/3 linear chain

point f 1/5s3/5(pτ)1/5 f 1/4s1/2p1/8 f 1/3s1/3|τ|-1/3 star

n1/5g2/5s3/5(pτ)1/5 n1/4g1/4s1/2p1/8 n1/3s1/3|τ|-1/3 dendrimer

(τRmin
3R0

2 Rmax/b)
1/5 (Rmin

6R0
2Rmax/b)

1/8 Rminτ|
-1/3 any

m = 1 s3/4(pτ)1/4(δ/b)-1/4 s2/3p1/6(δ/b)-1/3 s1/2|τ|-1/2(δ/b)-1/2 bottlebrush

line n1/4g1/2s3/4(pτ)1/4(δ/b)-1/4 n1/3g1/3s2/3p1/6(δ/b)-1/3 n1/2s1/2|τ|-1/2(δ/b)-1/2 DP

(τRmin
2R0

2Rmax/b)
1/4 (Rmin

4R0
2Rmax/b)

1/6 Rmin|τ|
-1/2 any

m = 2 s(pτ)1/3(δ/b)-2/3 s(pτ)1/4(δ/b)-1 s|τ|-1(δ/b)-2 planar brush

plane n1/3g2/3s(pτ)1/3(δ/b)-2/3 n1/2g1/2sp1/4(δ/b)-1 ns|τ|-1(δ/b)-2 dendron forest

(τRminR0
2Rmax/b)

1/3 (Rmin
2R0

2Rmax/b)
1/4 Rmin|τ|

-1 any
aResults for semiflexible linear chains comprising smonomers, bottlebrushes, andplanar brushes are contained as the special case of n=1, g=1, and

also tabulated. Results for stars (m=0) with side chains of length s are obtained from the more general result for dendrimers upon choosing n= f and
g = 1. p denotes the number of monomers in a persistent segment of the spacer chain, or of the linear chain in the absence of junctions. The three
characteristic sizes Rmin, R0, and Rmax correspond to the (grafted) collapsed, ideal, and maximum stretched state, respectively. The Θg regime with
Req
Θg/b = R0/b = s1/2g1/2p1/2 is not listed separately, except for free linear chains. The system labeled with an asterisk cannot exhibit Θs scaling

(cf. Appendix B); mentioned is the Θg scaling. All scaling laws hold within a limited range as discussed in Appendix B.
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Note that eq 1 applies when each reaction is carried out to
completion. Importantly, the fraction of free ends among
junctions is

ne

n
¼ ðX - 2Þþ f =n

ðX - 1Þ g
X - 2

X - 1
ð2Þ

Thus, ne/n> 1/2 when Xg 3 and end effects are not negligible
for dendrons. Note however that the fraction of free ends
among the total number of monomers, including spacers but
excluding the root, is ne/ns and thus smaller.

The volumeper dendronwithin a brushof crowded dendrons is

V =δmR3-m ð3Þ
whereR is the span of the dendron along the normal to the grafting
surface and m is the dimensionality of the grafting “surface”, i.e.,
m = 0, 1, 2 corresponding respectively to a point, a line and a
surface. Accordingly, the average monomer volume fraction is

φ � nsb3

V
=

nsb3

δmR3-m
<1 ð4Þ

where nsb3 is the volume occupied by a densely packed dendron.
As noted earlier, we consider all monomers, junctions, free ends,
and spacers as identical spheres of diameter b.

The size of the dendron is determined by the span of the strand
joining the root with a terminal monomer. A key feature of
dendrons arises because the number of monomers increases
exponentially, as (X - 1)g, while the maximal span of the
dendron, as estimated by the length of fully stretched strand

Rmax ¼ gsb ð5Þ
increases linearly with g. The minimal possible span of a dense
dendron brush corresponds to φ = 1

Rmin ¼ b
ns

ðδ=bÞm
� �1=ð3-mÞ

ð6Þ

Note that in our discussion the monomer diameter in eq 6 is
identical to the bond length in eq 5, though the two may actually
differ. The range of size variation of dendron brushes as the
solvent quality is varied is bound by

Rmax

Rmin
¼ gs

ðnsÞ1=ð3-mÞ
δ

b

� �m=ð3-mÞ

¼
n- 1=3gs2=3 m ¼ 0

n- 1=2gs1=2ðδ=bÞ m ¼ 1

n- 1gðδ=bÞ2 m ¼ 2

8><
>: ð7Þ

The ratioRmax/Rmin characterizes themaximal possible difference
between swollen and collapsed chains grafted to am-dimensional
surface. In contrast to linear chains and their brushes, Rmax/
Rmin of dendron brushes ultimately decreases with g and
eventually reaches unity. This ratio exhibits a maximum
(Figure 2) because Rmin grows exponentially with g, while
Rmax increases only linearly. The conditionRmin=Rmax defines
gmax, the maximal attainable g. Assuming gmax . 1 and thus
gmax . ln gmax leads to

gmax � 1þ ln½ðX - 2Þs2-mðδ=bÞm=f �
lnðX - 1Þ ð8Þ

and the maximum number of junctions compatible with pack-
ing constraint is nmax≈ f[(X- 1)gmax- 1]/(X- 2). Note that eq 8
underestimates gmax as compared to the value obtained nu-
merically fromRmin=Rmax. In every case, gmax andRmax/Rmin

decrease as the functionality X > 2 increases. It is possible to
increase gmax and Rmax/Rmin by increasing s or δ (Figure 3).
However, s is a tuning parameter only for dendrimers, m= 0,
and DP, m = 1, while δ is a control parameter for DP and
forests, m = 2.

A second ratio of interest is

Rmin

R0
¼ ðnsÞ1=ð3-mÞ

ðgspÞ1=2
b

δ

� �m=ð3-mÞ

¼
n1=3g- 1=2s- 1=6p- 1=2 m ¼ 0

n1=2g- 1=2ðpδ=bÞ- 1=2 m ¼ 1

ng- 1=2ðs=pÞ1=2ðδ=bÞ- 2 m ¼ 2

8>><
>>: ð9Þ

HereR0 is the Gaussian span of a semiflexible strand as given by

R0 ¼ ðgspÞ1=2b ð10Þ
where p ≈ lp/b , s is the number of monomers in a persistent
segment of length lp.Rmin/R0 is an indicator for the possibility of a

Figure 2. Ratio Rmax/Rmin vs generation g for dendrons incorporating
fully flexible spacers (p = 1) at three different choices of spacer length
and tethering density. Each graph shows the ratio for both linear chains
(X=2, f=1) andX=3-functional dendrons ( f=1), and for all three
surface dimensionalitiesm=0, 1, 2. Someof theX=3curves form=2
are hardly visible, signaling the absence of geometrical possibility to
create the corresponding structures.

Figure 3. Maximum attainable generation, gmax, for m = 1, 2, 3 as a
function of s and δ/b for the case X = 3 and f = 1.
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collapse transition as discussed in section V. It is also helpful in
setting the form of the elastic entropy invoked for discussing the
collapse behavior. Rmin of dendron brushes is often larger
than R0 and in such cases the confinement term of the elastic
free energy does not play a role. The surfaces corresponding
to Rmin = Rmax and Rmin = R0 are depicted in Figure 4 show-
ing that the Rmin<R0 <Rmax region broadens with s and
narrows with increasing p.

As noted before and will be discussed later, it is possible to
express our scaling results in terms of Rmax, Rmin, R0, given by
eqs 5, 6, and 10. Accordingly, the variables g, n, and s appear
via the combination gs or ns in all results as exemplified by
eqs 7 and 9. It is further useful to note that only R0 depends on
pwhile the δ dependence is limited toRmin (Appendix A). Note
further these expressions reproduce the behavior of linear
chains and their brushes upon setting g = 1, n = f, and
identifying the number of monomers in a grafted chain with
s.60 In these systems f=1 except for star polymers where f> 1
is the number of arms.

III. Scaling Behavior

The span of a dendron brush is determined by the end-to-
end distance of a strand joining the root to a terminal mono-
mer. Accordingly the equilibrium state corresponds to a
minimum in the free energy per swollen strand.7 For the
purposes of scaling analysis the free energy per strand Fstrand

comprises three terms: Fel/kT= (R/R0)
2 specifies the Gaussian

stretching penalty, Fbinary/kT = vcgs/p = τφgs allows for
binary interactions between persistent segments for a strand
comprising gs/p persistent segments and Fternary/kT= wc2gs/p=
φ
2gs reflects the corresponding ternary interactions. Here, c is the

concentration of persistent segments, φ is the monomer volume
fraction and τ= (T - Θ)/T is a reduced temperature character-
izing the deviation from Θ temperature and setting the sign
of Fbinary. The second and third virial coefficients of interac-
tions between persistent segments comprising p monomers are
v = τlp

2b ≈ τp2b3 and w = lp
3b3 ≈ p3b6. Altogether

Fstrand

kBT
=

R

R0

� �2

þ vngs2

δmR3-mp2
þ wn2gs3

δ2mR6- 2mp3
ð11Þ

Note that eq 11 does not enable a discussion of the possibility of a
collapse transitions because the Fel utilized does not allow for
confinement.However, this limitationdoes not affect the collapse
scaling laws we will obtain, as determined by the interplay of
Fbinary and Fternary. A generalized Fel, allowing for both swelling
and confinement, is discussed in section V dealing with the
collapse behavior.

The equilibrium state is specified by minimization of Fstrand
with respect to R. Since the three terms contain powers of R, the
equilibrium scaling behavior can be obtained by equating the
relevant free energy terms. The good solvent case corresponds to
Fbinary = Fel, the swollenΘ regime,Θs, to Fternary = Fel,

8 and the
poor solvent case to Fbinary = - Fternary. The Θs regime corre-
sponds dendron brushes swollen because of ternary interactions,
irrespective of the sign of τ. This regime has no counterpart
for free linear chains. In addition, when Fel is large compared
with both interaction terms, the equilibrium size coincides with
that of an undisturbed Gaussian coil, R0 (see also section V),
a regime we denote by Θg. As we shall see for dendron brushes
the boundaries of the Θs regime are wider in comparison to the
Θg regime (see also Appendix B3). As for linear chains, good
solvent implies τ>0 while poor solvent occurs for τ<0. The
importance of the interaction terms is graded by their value at
R = R0 where Fel(R0) = kBT. In terms of the triple R we have

FbinaryðR0Þ
kBT

= τ
Rmin

R0

� �3-m
Rmax

b
ð12Þ

FternaryðR0Þ
kBT

=
Rmin

R0

� �6- 2m
Rmax

b
ð13Þ

where (Rmin/R0)
3-m is the ratio between volumes occupied at

Rmin and at R0. Accordingly Fbinary(R0)/Fternary(R0) = τ(R0/
Rmin)

3-m and Fternary is dominant when τ < (Rmin/R0)
3-m.

For the good and Θs solvents regimes the equilibrium span
of the strands exceeds R0 since the interaction free energy is
larger than kBT.

Altogether the good solvent regime is specified by Fbinary-
(R0) . Fternary(R0) and Fbinary(R0) . kBT, yielding

Rgood
eq = b½τng2s3pðb=δÞm�1=ð5-mÞ

¼
bτ1=5n1=5g2=5s3=5p1=5 m ¼ 0

bτ1=4n1=4g1=2s3=4p1=4ðb=δÞ1=4 m ¼ 1

bτ1=3n1=3g2=3sp1=3ðb=δÞ2=3 m ¼ 2

8>><
>>: ð14Þ

or Req
good = (τRmin

3-m R0
2Rmax/b)

1/(5-m) (see Appendix A). The
Θs solvent behavior requires Fternary(R0) . Fbinary(R0) > -kBT

Figure 4. TheRmin=R0 (transparent lattice) andRmin=Rmax (opaque
colored) surfaces form=1, 2, 3 in the caseX=3 and f=1.While the
parameters and their range vary withm, all plots depict the width of the
Rmin<R0<Rmax region, confined between the two surfaces, and its
dependence g, s, and p. Note that the plot does not include the surface
delineating the underlying assumption Rmin . δ.



Article Macromolecules, Vol. 43, No. 14, 2010 6217

and Fternary(R0) . kBT, leading to

RΘs
eq = b½n2g2s4pðb=δÞ2m�1=ð8- 2mÞ

¼
bn1=4g1=4s1=2p1=8 m ¼ 0

bn1=3g1=3s2=3p1=6ðb=δÞ1=3 m ¼ 1

bn1=2g1=2sp1=4ðb=δÞ m ¼ 2

8><
>: ð15Þ

orReq
Θs = (Rmin

6-2mR0
2Rmax/b)

1/(8-2m). TheΘg regime, with ideal
chain dimensions, is obtained when the interaction terms are too

weak to disturb the elastic term, i.e., if |Fbinary(R0)| , kBT and
Fternary(R0) , kBT,

RΘg
eq =R0, ðall mÞ ð16Þ

The poor solvent regime with Fbinary(R0) < -kBT leads to

Rpoor
eq =

Rmin

ð- τÞ1=ð3-mÞ ð17Þ

and is thus restricted to -1 e τ e 0 to ensure Req
poor>Rmin.

Notice that Req
good > Req

Θs > Req
Θg > Req

poor, if the inequalities

Figure 5. Triple R state diagrams for τ = 1 and all three surface dimensionalities (row 1, m = 0; row 2, m = 1; row 3, m = 2). The left-hand side
provides a zoom into the regime of small sizesR from the tripleR diagrams shown on the right. The ranges are chosen to capture systems of dendrons,
on the left, and of linear chains, right. With increasing surface dimensionality, the good solvent scaling window extends to smaller Rmin and tends to
require largerRmax.Not shown in this figure are the remaining scaling regimes, regions forbiddendue topacking constraints (Rmax>Rmin), and regions
where scaling is absent. The construction of these tripleR state diagram from inequalities G1-G4 is demonstrated, for τ= 1/2, in Figure 6. The theory
applies to the regime R0 > δ, the coloring is therefore chosen to depend on R0/b alone.
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defining the regimes are fulfilled. The ordering is not obvious
from the scaling forms but can be seen upon expressing eqs 12 and
13 in termsof the equilibriumsizes:Fbinary(R0)/kBT= (Req

good/R0)
5-m

and Fternary(R0)/kBT = (Req
Θs/R0)

8-2m. Hence Req
Θs > R0 when

Fternary(R0) . kBT. The inequality xa > yb implies x > y if x >
1, y > 1 and a< b. Accordingly, Fbinary(R0)>Fternary(R0) implies
Req
good>Req

Θs because 5 - m < 8-2m. Note that the opposite
inequality xa< yb only implies x< yb/awhich does not exclude x
>y. In a poor solventReq

poor>R0 is possible thoughReq
poor<R0 is

a prerequisite for a collapse transition.

IV. Applicability Range of the Theory and the Scaling Regimes

The scaling laws reported above are applicable subject to
inequalities enforcing the underlying assumptions and the pack-
ing constraints. Some of the requirements apply also to linear
chains and their brushes: The Gaussian extension elasticity Fel/
kT = (R/R0)

2 is only applicable when gs . 1 though it is
reasonable approximation when gs > 3. Approximating the
interaction free energy by the second and third virial terms
implies φeq , 1. As already noted, swollen regimes with Req >
R0 occurwhenFinteraction. kBT. However, for dendronbrushes it
is also necessary to impose (i) Rmax>Req>Rmin to allow for
packing constraints (ii)Req.Rmin so as to ensureφeq, 1 and the
applicability of the virial expansion, (iii) the inequalities required
for the various solvent regimes such as Fbinary(R0) . Fternary(R0)
for good solvent, or Fternary . kBT for Θs solvent; the latter
condition is never fulfilled for linear chains. In addition our
scaling analysis applies to brushes of crowded dendrons when
R0> δ and to semiflexible chainswith p, s (Appendix B). These
requirements, the packing constraints in particular, narrow the
scaling regimes of dendronized brushes as compared to these of
“normal” brushes.

For comparison purposes it is helpful to express the inequali-
ties in terms of the triple R: Rmin, R0, and Rmax. This auto-
matically ensures a common description applicable to both
dendronized and normal brushes. In this presentation the two
systems differ because the accessible range of Rmin, R0, and
Rmax is much smaller for dendronized brushes because of
packing constraints manifested by gmax. This is illustrated for
the athermal solvent with τ=1 in Figures 5 and 6. The effect of
τ variation on the scaling regimes of DP (m= 1) is depicted in
Figure 7. All state diagrams contain significant regions where
the scaling regimes do not apply. A similar though weaker
effect occurs also for linear chains.

The triple R plots bring out certain common features of
dendronized and normal brushes. However, this presentation
hides useful design information regarding the effect of s, p, g, δ,X,
or f. To explore these trends it is helpful to depict the scaling
regimes in g, p, s plots as illustrated in Figure 8 showing the good
and Θs regions for the case of X = 3 and tethered dendrons at
τ = 1 and δ = 5b. On the basis of information gathered from
such plots (cf. ref 62), the following trends emerge: Both the poor
and good solvent regimes broaden with increasing |τ| and s.
Similarly, form>0, the boundaries of both regimes broaden with
δ/b. The poor solvent range is independent of p since it is
determined by the interplay of Fbinary and Fternary. In contrast,
the boundaries of the good solvent andΘs regions do depend on
p because they reflect the interplay of Finteraction and the p-
dependent Fel. Θs regimes can occur for both positive and
negative τ. Its boundaries broaden as |τ| increases but shrink as
δ/b increases. While the boundaries of the Θs regions depend on
p, the dependence is weaker than in the good solvent regimes. The
good solvent regime decreases in size with increasing m for a
constant δ. It also decreases with increasing X due to the
corresponding decrease in gmax. Importantly, for all solvent
regimes the accessible g range is rather narrow, even for relatively

large s. For the spacers considered, with 1 e s e 10, the widest g
range is of order 10 and is typically narrower. The narrowness of
the good solvent scaling windows is due, in part, to the relatively
fast growth of Rmin with n. In particular, it increases faster than
Req
good for m < 2 and faster than Req

Θs for m = 0.
The state diagrams depicted concern a particular choice of

parameters. They highlight however a general difficulty in
discriminating scaling laws due to two features: (a) The narrow-
ness of the domains where the scaling laws apply (b) the
occurrence of relatively broad crossover regions. The state
diagrams are thus helpful for the design of simulations and
experiments aiming to probe scaling behavior. A utility generat-
ing state diagrams for arbitrary parameters is available.62

Figure 6. Additional information about the left column of Figure 5,
here for a slightly different solvent quality, τ = 1/2. For each m (from
dendron, m = 0, to dendronized forest, m = 2) all four meshes
corresponding to the inequalities G1-G4 are shown. The actual scaling
window has to respect all inequalities and is thus bound by these
surfaces. Similarly, the Θs and poor solvent regimes are obtained by
considering inequalities T1-T5 and P1-P2.
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V. Collapse

The free energy, eq 11, can not fully describe the collapse
behaviorwhenR0>Rmin. To explore the possibility of a collapse
transition it is necessary to replace Fel/kBT = (R/R0)

2 by Fel

allowing also for confinement to R < R0. To this end our
discussion follows the analysis of the collapse transition as carried
out by Birshtein and Pryamitsyn58 utilizing earlier results by
Fixman.59 It invokes a numerical approximation of the Fixman
result (see Appendix C)

Fel

kBT
=

R

R0

� �2

- 3
R

R0

� �1=3

þ 2

5

R0

R

� �5=2

ð18Þ

enabling the study of Fstrand = Fel þ Fbinary þ Fternary as a func-
tion of the swelling ratio R� R/R0 defined in terms of the radius
of gyration

Fstrand

kBT
= R2 - 3R1=3 þ 2

5
R- 5=2 þ τBRm- 3 þCR2m- 6 ð19Þ

Here τB=Fbinary(R0)/kBT andC=Fternary(R0)/kBT are explicitly
specified, using eqs 12 and 13, by

B=
ðnsÞðb=δÞm
ðgsÞð1-mÞ=2 p

- ð3-mÞ=2, C=
B2

gs
ð20Þ

B and C can also be expressed conveniently in terms of the triple
R’s, cf. eq A1 of Appendix A:

B=
Rmax

b

� �
C, C=

Rmin

R0

� �6- 2m
Rmax

b

� �
ð21Þ

For given τB and C the equilibrium swelling ratio Req is specified
byminimizing Fstrand (eq 19) with respect to R, for eachm, subject
to the relevant constraints:Rmin<Req<Rmax, or (C/B)

1/(3-m)<
Req < B(pC) - 1/2, as well as R0 > δ (see Appendix B for further
considerations concerning solvent quality). Equation 19 describes
brushes of both dendrons and of linear chains depending on the
choice of B and C as well as the imposed constraints.

We note in passing that it is common practice to base the
discussion on the equilibrium condition, dFstrand/dR = 0

Req
5 -

1

2
ðReq

10=3 þReq
1=2Þ ¼ τBReq

m þCReq
2m- 3 ð22Þ

Equation 22 is useful for analytical calculations and approxima-
tions. It is also of interest because it is the equilibrium condition
invoked previously.7,58 From this point of view note that in these
papers the left-hand side of eq 22 is approximated by Req

5 - Req
3

Figure 7. Effect of solvent quality on the tripleR state diagram and size
of the good, Θs and poor solvent regimes for m = 1 (dendronized
polymers), from τ = 1 (top) to τ = -0.1 (bottom). The region where
scaling behavior is absent is partially accessible within packing con-
straints, because it extends into the region where Rmax > Rmin, most
easily seen at τ = -0.1 (the diagonal plane limiting the poor solvent
regime toward lowRmaxhasRmax=Rmin). For free linear chains,Rmin<
R0 holds, and thus renders the Θs regime inaccessible.

Figure 8. Left column: Particular representation of the more general
triple R state diagrams (cf. Figure 5), again for all surface dimension-
alitiesm (increasing from top to bottom) at τ=1. The particular choice
isX=3, f=1 (free or tethered three-functional dendron), and δ=5b
so that the scaling diagram canbedrawn in termsof generation g, spacer
length s, and persistence length ∼ p. Corresponding results for Θs

scaling are shown in the right column. The two regions have a common,
curved boundary. With decreasing τ the volume for the good solvent
scaling regime shrinks (not shown) with concurrent growth of the Θs

regime, as the geometrical bounds are unaffected by τ. With increasing
functionality X the geometrical bound is decreasing further.



6220 Macromolecules, Vol. 43, No. 14, 2010 Kr€oger et al.

and (9/π2)(Req
3-Req) for τ> 0 and τ<0which perform poorly

around τ = 0 (Figure 9). In the case of dendron brushes, where
packing constraints are especially important, the solutionof eq 22
may fail to capture the accessible minimum free energy state.
Furthermore, from a practical point of view the use of eq 22 to
investigate the collapse transition requires anyhow a numerical
solution. Altogether, eq 22 is thus of limited utility.

The general features of the collapse behavior are discernible
from the unconstrained Req vs τB plots (Figure 9). These are
obtained by minimizing eq 19 without imposing packing con-
straints. They thus describe brushes of both dendrons and of
linear chains but may contain physically inaccessible regions
specific to each system.With these caveats the plots suggest that a
first order collapse transition is possible for star polymers and
dendrimers (m = 0). For dendrimers this scenario was already
suggested on the basis simulations utilizing a coarse-grained
model.51 For DP and bottle brushes m = 1the conditions for a
first order collapse are unlikely to be satisfied. For DP the
collapse transition occurs for C of the order of C e 10-4. In
turn, this requires nsδ/b < p1/2R0/b or n < g1/2s -1/2pb/δ
corresponding to short and stiff spacers and low line density
ensuring however R0>δ. These conditions are not satisfied for
high-generation dendrons with n. g. Furthermore, they are not
satisfied in experimentally known systems. Thus, for a homo-
logous series of vinyl-type dendronized polymers, with 3e ge 5,
for which δ/b ≈ 1, s ≈ 6, p ≈ s/2, and X = 3,11 both C and
gs-1/2pb/δ are of order unity for all g and thus suggesting a
continuous collapse. For forests and planar brushes there is no
indication of first order collapse transition (Figure 9).

VI. Discussion and Conclusions

Our discussion of dendron brushes invokes the assumption
that all monomers are spheres of diameter b with identical virial
coefficient. This commonly used view is justified in part by the
lack of data concerning the solubility, interactions and dimen-
sions of the different monomeric species: junctions, spacers and
ends. With this caveat, the theory yields qualitative insights
concerning dendron brushes in general and allows confrontation
with simulations where this assumption can be rigorously im-
posed. The scaling laws of the equilibrium span of dendron
brushes are summarized in Table 1 and their regimes of applic-
ability are depicted in Figures 5, 7, and 8. Our results suggest the
continuous collapse in DP and forests and a possibility of first
order collapse transition in dendrimers.

On every topic considered, the formulation immediately allows
to compare dendron brushes with brushes of linear chains as well
between brushes of differentm. In particular, our expressions (see
Table 1) reduce to theknowncase of linear chains and their brushes
upon settingg=1,n= f, and identifying thenumberofmonomers
in a grafted chainwith s.63,64 The scaling behavior of brushes of
linear chains is by now well-established, cf. reviews2,63,65,66

and13,14,32,33,43,44,67 for recent examples.

Importantly, our analysis highlights the practical difficulties
in validating the dendron brushes scaling laws with respect to
n and g. These arise because of the narrowness of the “scaling
windows”, the width of crossover regions and the mutual
dependence of the scaling variables n and g. This last issue comes
up when comparing our results to simulations of dendron
brushes.Most of the effort to discriminate scaling laws concerned
dendrimers (m=0). The experimental and simulation data is
typically considered to be consistent with scaling behavior.27

However, the conclusions are not always clear-cut. The difficul-
ties are illustrated by an example. The data may be consistent
with different scaling laws as illustrated in Figure 10 using the
data of Murat and Grest (MG).49 Similar conclusions were also
reached in.8,46,48 This example is balanced by sets of data that do
allow distinguishing between different scaling regimes. A case to
the point is the data of ref 9 as re-plotted in Figure 11. This figure
shows simulation data for the radius of gyration of dendrimers
versus spacer length at otherwise unchanged conditions, includ-
ing fixed g. The scaling analysis confirms that the systems under
investigation had been subjected to good solvent conditions.
Another prominent example where scaling exponents could be
obtained unambiguously is the work by Chen and Cui68 who
studied star-burst dendrimersmade of hard sphere chains of fixed
bond length, varying sphere diameter, g and s. Comparison with
our results requires identifying the three characteristic sizes; cf.
footnote 69 for details. As noted above, re-analyzing the MG
results (Figure 10) demonstrates that the data can be fitted by all
three scaling expressions for dendrimers, cf. Table 1. Using our
classification for the solvent conditions, theMGsimulationswere
carried out within the Θs scaling window (see footnote 70). Our
discussion suggests that a better discrimination can be attained
upon comparing systems with either identical ns, or identical
gs. Thus, it would be particularly helpful to compare m= 0

Figure 9. The ratio R=R/R0 obtained from eq 22 for all three surface
dimensionalities,m. The exact numerical result, cf. Appendix C, is also
plotted, but not visible as it coincides with our approximate result based
on eq C5. The broken reference lines are the predictions based on the
approximation proposed in ref 58. B and C are specified in eq 20.

Figure 10. Mean square radius of gyration vs g as obtained in49 for
three-functional dendrimers (m = 0, f = X = 3) with flexible spacers
(s = 7, p ≈ 1). Shown are scaling predictions according to all three
regimes tabulated in Table 1. The data does not allow to discriminate
between the different scaling laws apart from incompatibility with the
Θg case. Simulations at constant ns and for different gs or vice versa
would help to test the scaling predictions unambiguously (see Table 2).

Figure 11. Double-logarithmic plot of radius of gyration vs spacer
length s of the data obtained in ref 9 of g = 2 dendrimers (m = 0,
f = X = 3) with flexible spacers, varying s at constant p. The data set
does allow to discriminate between the different scaling laws in this
particular representation not shown in the original article.
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dendrimers with identicalRmin∼ (ns)1/3 but with different s,X,
or f and with significantly different Rmax = gsb. The effect of
these parameters is illustrated by examples for the case of
dendrimers (m= 0) in Table 2. For m> 0, including DPs, the
situation is conceptually simpler because the continuous vari-
able δ can be used to adjust Rmin. The research activity concer-
ning the younger fields of forests and dendronized polymers
lags behind that of the better-established dendrimers. It faces
the same problems discussed earlier for the dendrimers. The
confrontation with scaling laws requires extended homologous
series within the scaling window and with judicious variation
of the molecular design parameters. To our knowledge this
challenge is not yet fulfilled.
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AppendixA: Scaling in Terms of Characteristic Dimensionless
Sizes

The explicit results we obtained for the “identical monomer”
scenario, scaling laws and inequalities are expressed in terms of
n, g, s, b, p, and δ. These can be also expressed in terms ofRmin,
R0, Rmax, and b, a formulation of interest for plotting the
results in a system-independent fashion. To this end, note that
only Rmin depends on n while solely R0 contains p. To obtain
scaling laws in terms of Rmin, R0, and Rmax we can follow the
following procedure: (i) ignore s, b and δ (ii) replace n by
Rmin

3-m, p by R0
2/Rmax, g by Rmax, and (iii) ensure the proper

dimensions bymultiplying with an appropriate power of b. For
example, the dimensionless factor ng2s3p(b/δ)m in Req

good is first
transformed into ng2p using (i) which is transformed into
Rmin

3-m(R0
2/Rmax)Rmax

2 = Rmin
3-mR0

2Rmax using (ii) and
multiplied by b6-m because of (iii) thus leading to the identity
ng2s3p(b/δ)m=Rmin

3-mR0
2Rmaxb

m-6. In particular, we obtain,
with τB=Fbinary(R0)/kBT and C=Fternary(R0)/kBT as intro-
duced in eq 19

Fgood
eq

kBT
= τðRmin

6- 2mR0
2m- 6Rmax

2=b2Þ1=ð5-mÞ ¼ τB2=ð5-mÞ

FΘs
eq

kBT
= ðRmin

6- 2mR0
2m- 6Rmax=bÞ1=ð4-mÞ ¼ C1=ð4-mÞ ðA1Þ
Fpoor
eq

kBT
= τ2Rmax=b

Appendix B: Applicability Windows and Scaling Diagrams

State diagrams delineating the boundaries of the scaling
regimes are obtainable by implementing the inequalities required
for the good, Θ, and poor solvent cases. Our discussion of state
diagrams invokes two approaches. In one we express all quan-
tities in terms of the triple R, i.e., Rmin, R0, and Rmax. The
resulting state diagrams, Figures 5, 7, are valid for any choice of
physical parametersX, f, p and g, at a given τ andm. These types
of diagrams allow to compare qualitative features of a broad class
of systems at the price that the effect of specific parameters is not
clearly discernible. To address these specific effects we resort to
the second approach and plot g vs s and p in Figure 8. Notice that
our discussion applies when R0>δ for m> 0 and all solvent
qualities. Accordingly the relevant part of a triple R diagram is
bound by R0 = δ.

1. Good Solvent. The applicability range for the good
solvent scaling, eq 14, is limited by four inequalities, G1:
Req
good , Rmax, G2: Req

good . Rmin, G3: Fbinary(R0). Fternary-
(R0), and G4: Fbinary(R0) . kBT. In the triple R form these
inequalities assume the form

G1 : Rmin
m- 3R0

- 2Rmax
4-mb . τ

G2 : Rmin
2R0

- 2Rmax
- 1b , τ

G3 : Rmin
3-mR0

m- 3 , τ

G4 : Rmin
m- 3R0

3-mRmax
- 1b , τ

ðB1Þ

In terms of physical tuning parameters, the same set of
inequalities leads to

G1 : ðgsÞ3-mðpτÞ- 1 . ðnsÞðb=δÞm
G2 : ðgsÞ3-mðpτÞð3-mÞ=2 . ðnsÞðb=δÞm
G3 : ðgspÞð3-mÞ=2τ . ðnsÞðb=δÞm
G4 : ðgsÞð1-mÞ=2pð3-mÞ=2τ- 1 , ðnsÞðb=δÞm

These inequalities canonly be satisfiedwhen τ> 0.Form=
0, the inequalities simplify to the following: G1, τ, n-1g3s2/p;
G2, τ . n2/3g-2s-4/3/p; G3, τ . ng-3/2s-1/2p-3/2; G4, τ .
n-1g1/2s-1/2p3/2. For flexible linear chains (n = g = p = 1),
inequalities G1 to G3 are fulfilled when G4 is fulfilled, that is,
G4, s. 1/τ2, is the dominant constraint.64

2. Θs Solvent. The applicability range for the Θs (swollen
Θ) scaling, eq 15, is determined by the inequalities T1:Req

Θs ,
Rmax,T2:Req

Θs.Rmin,T3:Fternary(R0). kBT, T4:Fternary(R0).
Fbinary(R0), and T5: Fbinary(R0) > -kBT. In the triple R
representation the state diagram corresponds to

T1 : Rmin
2m- 6R0

- 2Rmax
7- 2mb . 1

T2 : Rmin
- 2R0

2Rmax=b . 1

T3 : Rmin
6- 2mR0

2m- 6Rmax=b . 1

T4 : Rmin
3-mR0

m- 3 . τ

T5 : Rmin
3-mR0

m- 3Rmax=b > ð- τÞ- 1

ðB2Þ

whereas the explicit version is

T1 : ðgsÞ3-mp- 1=2 . ðnsÞðb=δÞm
T2 : ðgsÞ3-mpð3-mÞ=2 . ðnsÞðb=δÞm
T3 : ðgsÞ1-m=2pð3-mÞ=2 , ðnsÞðb=δÞm
T4 : ðgspÞð3-mÞ=2τ , ðnsÞðb=δÞm
T5 : ðgsÞð1-mÞ=2pð3-mÞ=2ð- τÞ- 1 < ðnsÞðb=δÞm

These inequalities can be satisfied for a range of negative
and positive τ around τ=0. For free linear chains T3 reduces

Table 2. Architectures Exhibiting Similar Rmin/b = ns but Signifi-
cantly Different Equilibrium Sizes, Req

Θs, for the Case of Flexible
Dendrimers (m = 0, p = 1,)a

Rmin/b f X s g n R0/b Rmax/b Req
Θs/b Req

Θs/Rmin

4.3 3 4 2 3 39 2.4 6.0 4.7 1.09
4.3 3 3 9 2 9 4.2 18.0 6.2 1.43
6.3 2 3 2 6 135 3.5 12.0 7.4 1.17
6.3 3 3 12 3 21 6.0 36.0 9.8 1.55
8.8 2 5 4 4 170 4.0 16.0 10.2 1.16
8.8 2 3 11 5 62 7.4 55.0 13.9 1.58
10.1 3 5 4 4 255 4.0 16.0 11.3 1.12
10.0 2 3 8 6 126 6.9 48.0 14.8 1.48
10.3 3 4 3 5 363 3.9 15.0 11.3 1.10
10.4 3 3 12 5 93 7.7 60.0 16.1 1.55
10.8 3 5 5 4 255 4.5 20.0 12.6 1.17
10.8 2 3 10 6 126 7.7 60.0 16.6 1.54
aThis is achieved upon variation of X, s, and g, whereas n and the

characteristic sizes are obtained from eqs 1, 5, 6, 10, and 15. The table
assumes τ=1. This choice does not imply good solvent scaling since the
inequalities in eqB2 imply that all listed examples belong to the swollen
Θs scaling regime.
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to p3/2, 1and thus cannot be satisfied.For stars, the validity of
T3 requires f . p3/2. Note, that for linear chains the left hand
sides of T1, T3-T5 decrease with increasing p .With exception
of T4 at m = 0 the left hand sides of T1-T5 do not decrease
with s. With the exception of free linear chains all systems may
thus exhibitΘs scaling.

3.Θg Solvent.The applicability range forΘg scaling,Req=
R0, is determined by the inequalities I1: Fternary(R0) , kBT,
and I2: |Fbinary(R0)| , kBT,

I1 : Rmin
6- 2mR0

2m- 6Rmax=b , 1

I2 : Rmin
m- 3R0

3-m=bRmax . jτj ðC6Þ

Notice that I1 is the opposite of T3, and I2 similar to G4, so
that there is no need to write down the corresponding explicit
versions of the inequalities. For free linear chains, I1 is
satisfied, but I2 is only valid for |τ| , p3/2s-1/2. For stars,
I1: f 2, p3 and I2: |τ|, p3/2s-1/2/f. Accordingly, fully flexible
f-functional stars should never exhibitΘg scaling behavior.
Fully flexible linear chains do exhibit Θg for sufficiently small
|τ|∼s-1/2, and the |τ|-range forΘg scaling is increasing with
chain stiffness, while s . p holds. For dendrimers, a valid
inequality I2 requires very stiff spacers. For dendron
brushes, Θg scaling could potentially be observed at small
surface density, large p, and low g.

4. Poor Solvent. Finally, the applicability range for the
poor solvent scaling is specified by -1 < τ < 0, or Req

poor .
Rmin in eq 17, and the additional inequalities P1: Req

poor ,
Rmax and P2: Fbinary(R0) , -kBT, leading to

P1 : RmaxRmin
- 1 . ð- τÞ- 1=ð3-mÞ

P2 : Rmin
3-mR0

m- 3Rmax=b , ð- τÞ- 1 ðB4Þ

or

P1 : ðgsÞ3-mð- τÞ . ðnsÞðb=δÞm
P2 : ðgsÞð1-mÞ=2pð3-mÞ=2ð- τÞ- 1 , ðnsÞðb=δÞm

These inequalities yield a lower limit for τ in the range [-1,0].
The poor solvent range of dendron brushes quickly di-
minishes with g andX. It is however broadened by increasing
s and decreasing δ. For dendronized polymers, m = 1, the
second inequality becomes |τ| . n -1(p/s)(δ/b), hence irrele-
vant, even for small |τ|.

Appendix C: The Elastic Free Energy of a Linear Strand

The collapse behavior is characterized in terms of the swell-
ing parameterRav=Rav/R0 whereRav= ÆR2æ1/2 and Ææ denotes
an ensemble average. The key ingredients of the Birshtein-
Pryamitsyn (BP) analysis58 of the collapse transition concerns
the choice of the R. Two issues are involved. The first concerns
the choice of R. Defining R in terms of the end-to-end distance
is misleading becauseR<1may correspond to a loop rather to
globule. A R defined in terms of the positions of all monomers
rather than the two ends should provide a better characteristic
of the volume occupied by the chain. This suggests the radius
of gyration and the hydrodynamic radius. For practical
reasons to be discussed shortly the radius of gyration is more
convenient. The second issue concerns the choice of the
distribution function specifying Rav and R. The BP analysis
utilizes Rav

2 = ÆR2æ=
R
R2p(R2) dR2 with p(R2) normalized viaR

p(R2) dR2=2
R
p(R2)R dR=1. This choice plays an important

role because the resulting moment generating function for the
radius of gyration exhibits the form of a Laplace transform

yielding an explicit relationship between the elastic force fel
and Rav. A similar approach is not possible for ~p(R) dR
normalized

R
~p(R) dR = 1 or 4π

R
R2~p(R) dR = 1.

The required p(R2) can be simply discussed in terms of the
maximum entropy prescription. In particular, we maximize the
entropy -kB

R
p(ln(p/p0)) dR2 subject to two constraints: (i) the

normalization condition
R
p0(R2) dR2 = 1; (ii) an imposed value

of Rav
2. It is accordingly necessary to minimize the functional

S/kB = -
R
p(ln(p/p0)) dR2 - ln(G/e) - λRav

2 = -
R
p[ln(p/p0) þ

ln(G/e) þ λR2] dR2 where G and λ are the R-independent
Lagrange parameters corresponding to the constraints and p0 is
the probability distribution function of an unperturbed random
walk such that

R
p0(R2) dR2=1and

R
R2p0(R2) dR2=1.Note that

the explicit form of p0 for the radius of gyration is unknown
though it is available for the end-to-end distance. We return to
this point later. The distribution p(R2) is specified by the mini-
mum condition as obtained be the variational derivative ofSwith
respect to p: δS[p]/δp = -kB[ln(p/p0) þ 1 þ lnG þ λR2] = 0
yielding p(R2) = G-1p0 exp(-λR2). The normalization condition
then specifies the partition function

GðλÞ ¼
Z ¥

0

p0ðR2Þ expð- λR2Þ dR2 ðC1Þ

orG=
R
0
¥p0(s) exp(-λs) ds. ThisGwithG(0)= 1, is the Laplace

transform of p0 and it can formally be inverted to yield p0 via a
Bromwich integral of G. Hence, G(λ) is also the moment-
generating function of p and the second moment of p, Rav

2, is
given by Rav

2 =-G-1 dG/dλ=-d(lnG)/dλ. Accordingly, given
an explicit form for G(λ) or p0(R2) it is possible to obtain Rav in
terms of λ. For the case of the radius of gyration of a random
walk, Fixman59 obtained the explicit form of G(λ) in the limit of
long chains upon expressing the radius of gyration in terms of
segments and its distribution function as a product of distribution
functions for segments, In particular G(λ) = (z-1 sin z)-3/2, with
z=(- 4λ)1/2, or equivalentlyG(λ) = [2λ-1/2 sinh(2λ1/2)]-3/2 thus
leading to Rav

2 = -d(lnG)/dλ,

Rav
2 ¼ -

3

4λ
½1- 2λ1=2 cotð2λ1=2Þ� ðC2Þ

Equation C2 has solutions only for λg- π2/4 corresponding to
Geπ. For small |λ|,Rav

2=1- 4λ/15þ o(λ2) is close to unity (see
also ref 72) while in the limit of large positive λ, coth(2λ1/2) ≈ 1
and Rav

2 ≈ (3/2)λ-1/2.
To relateFel toλandRavwe consider the free energyF=-TS=

kBT
R
p(ln(p/p0)) dR2 = A -

R
λR2p dR2 = A - kBTλRav

2. Here
A = -kBT(lnG) is a Helmholtz free energy which does not expli-
citly depend on Rav

2 while the elastic free energy Fel =-kBTλRav
2

expresses λ in terms of Fel and Rav. Specifying the dimensionless
elastic force defined by fel � d(Fel/kBT)/dRav

λ ¼ -
fel

2Rav
2

ðC3Þ

Combining eq C3 in eq C2 and utilizing ix coth(ix) = x cot(x)
leads to

Rav
2 ¼ 3Rav

2fel
Rav - ð2felÞ1=2cot 2fel

Rav
2

� �1=2
" #

ðC4Þ

a non nonlinear relationship between fel and Rav which we would
like to solve for fel in terms of Rav. For small fel the right-hand side
of eqC4 becomes 1þ 2fel/15Rav

2; hence,Rav=1þ fel/15þ o( fel
2).

For large positive fel one can have fel∼ Rav
2 at most, because λ has

a lower bound noted earlier. For large negative fel, λ tends to
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be large and positive, so that Rav
2 ≈ λ-1/2 ∼ (Rav

2/fel)
1/2, hence

fel ∼ Rav
-2. Earlier treatments have approximated fel by using a

simple interpolation formula recovering the limiting cases. How-
ever, this approachdoes not performwell at the vicinity ofRav=1,
a range of special importance for dendron brushes because R has
both lower and upper bounds given by Rmin/R0 and Rmax/R0.
A better performance is achieved by an accurate approximation
for the solution of eq C2,

fel � π2

2
Rav 1-

1

2
½Rav

- 5=3 þRav
- 9=2�

� �
ðC5Þ

as demonstrated in Figure 12 for R g - 0.6 showing, in addition,
the approximations suggested and applied in.58 The elastic entropy
corresponding to eq C5 is obtained by integration over R thus
leading to

Fel
strand=kBT � π2

4
Rav

2 - 3Rav
1=3 þ 2

5
Rav

- 5=2

� �

used in eq 18. ThisFstrand
el exhibits aminimumatR=1as it should

and shows almost perfect quantitative performance, down to R,
1, as demonstrated inFigure 9.The asymptotic behavior of eq 18 in
the limit of vanishing R is however different from the correct
expression Fstrand

el /kBT=(9/4)(R-2þ 2 lnR) of BP.58 On the other
hand eq 18 correctly recovers theR. 1 limit Fstrand

el /kBT=(π2/4)-
(R2 - 2 lnR).

For R defined in terms of the end-to-end distance, the case
usually treated in textbooks,61,64 p0 is analytically known, p0∼ Ry

exp(-γR2) with γ = 3/2 and y = 1. The second moment of
p0 should be identical to unity (R0 = R0/R0 = 1). Performing
Gaussian integrals, one obtains

R
R2p0 dR2/

R
p0 dR2= (1þ 2)/3=

(2þ y)/3, confirming y=1. Insertionofp0 into eqC2yieldsRav
2=

3/(3þ 2λ). EquationC1 evaluates asG(λ)∼ (1þ 2λ/3)-3/2, so that
Rav

2 = -dlnG/dλ = 3/(3 þ 2λ). Using the relationship between
λ and fel from eq C4 the expression for Rav

2 can be also written
as Rav

2 = 3/(3 - fel/Rav), or equivalently, fel = 3(Rav - Rav
-1) or

Fel/kBT=3R/2- 3 ln R. These are the classical results for the case
that R stands for the end-to-end distance, whereas eq C5 can be
used for the case that R represents the dimensionless gyration
radius.

The ideas outlined in this appendix had been generalized to
anisotropic situations, including liquid crystals73,74 and flow-
induced anisotropy,75 and play a role in nonequilibrium thermo-
dynamics,73,76 where one assumes a generalized canonical dis-
tribution function, and determines an entropy expression from a
consistently measured Lagrange parameter-friction matrix pair
through a combination of biased Monte Carlo and short-time
molecular dynamics.75,76
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